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Abstract

Within this paper recently developed mathematigcals for the modelling of contact

problems on thin film structures [1] for multilageand gradient coatings are adapted to allow
the investigation of laminate structures of tramsakisotropy.

Applying series approaches using Bessel and Simaibns complete three dimensional
solutions can be found for relatively complex laate1structures allowing to model
guasistatic contact, impact and bending loads. \&tbrkto a small computer program the
approach can be used to model laminate structutbsug to 100 different layers on an
ordinary personal computer in an acceptable caioaldime.

The new tool is applied to analyse a variety ofllpeoblems typically occurring in

windsurfing and leading to damage of the boardsisting of a laminated shell and an

polymer foam core.

Keywords: Fibres, Foams, Layered Structures, Aropyt Fracture, Mechanical Properties,

Analytical Modelling

Introduction

Laminate structures are playing an important rgkrywhere it comes to combine lightness
and flexibility with high stability and reliabilitySo numerous publications are available
treating laminate composites with respect to thted@uality characteristics. The reader may
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find a very comprehensive introduction into theseffof impact and bending loads on

laminate structure in [2].

A short survey concerning the accuracy and theutation time shall present the
development of the approach used here. Applyingribéel of the layered half space and
using the method of image loads or image cont&disywarzer has been able to model up to 4
layers including the substrate [3]. The approacught very good agreement with
experimental results in the case of single layerladayer structures, but unfortunately it is
not applicable on real multilayers with more thalayers. The main reason for this is due to
the high calculation time increasing exponentiallth the number of layers. The same
respectively similar facts hold for some other noehlike the perturbation [4] or the
boundary and the finite element method [5]. Thera variety of publications about
multilayered and graded coatings available [6 b8},none of them provides a sufficiently
convenient and fast method allowing to treat cdnpagblems on mixed pure and transversely
isotropic or transversely isotropic laminate stowes under contact loading as we want to
consider here. Especially if one wants to optineseinate structures against impact and
bending loads sufficiently fast evaluating appracare required allowing to model contact
problems on multi-layer structures for isotropy arahsverse isotropy with a high number of
relatively thin layers. It has been shown by Stdig (see also [11] and [12]), that in the case
of a layered half space a sufficiently high numiielayers can be modelled due to the method
of integral transformation. He even modelled mipede and transversely isotropic layer
structures under normal stress distribution. Howévéhose cases, where the laminate
structure is thin or in about the same scale aatbe of the load applied on the laminated
body in question, this method is not applicable wueumerical instabilities. So, if one for
example wants to model impact and bending loadshsnpported thin film structures,
multilayer coatings on thin substrates, hulls cdtspfuselages or other rather thin walled
constructions the so called “model of the thickgslas required. Thus, based on the approach
of Lurie [13] Schwarzer [14] has developed a madiewing the investigation of thick

layered plates under any arbitrary contact or beptiad. The model has been included into

a computer program evaluating mixed pure isotrapit transversely isotropic laminate
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structures with up to 100 different layers on atimary personal computer in an acceptable

calculation time.

Theory — The Model of the Thick Layered Plate

Apart from finite element or boundary element méththe integral transform method seems
to be the only one allowing real multilayer modwajliwith more than 10 layers. As we are
here only interested in contact areas of symmétrg\mlution, we seek for a solution of the
Navier equation for equilibrium in linear elastic{see e.g. [10]) containing Bessel functions.
However, in order to obtain numerically stable agghes in the case of laminate structures
being thin compared to the size of the contact Zonen about the same scale), the integral
transformation method [15] must be substituted Byitable series procedure. Thus, the
method is based upon the following approach fautar contact areas where, in the case of

pure isotropy, the displacements within the i-§elais given by:
u?((A+B+Buz)e* ~(D-F + Fuz)e‘“Z)Jl[ur]?X

U=V 22”:% u2((A+B+Buz)e“Z—(D—F+Fuz)e‘“z)\]1[ur]?y (1)

uz((—A+(2—4v—uz) B)e"” —(D +(2- 4 +uz) F)e‘“Z)JO[ur]

Ji(z) denotes the Bessel function of the first kihdmler n, X, y, z are the Cartesian co-
ordinates with z being the axis of indentation grot*+y?.

For transverse isotropic layers the approach neast:r
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The parameter u must be saed;i with A, denoting the n-th root of the equatiqfr):=O0.
r0

The parametepmust be chosen such, that it is big compareddadeateral dimensions of the
investigated laminate part and sufficiently smalbrder to reduce the number of terms of the
series approach necessary to generate a propacsioid distribution. In the calculations
presented here, up to 1000 terms were usedycTkel, 2) have to be obtained frogr=n,

whereas pdenote the two (real or conjugate complex) robte@equation
A11A44n2 + [A13( At 2A4A) -AA 3;| n+AA 0. 3)
The constants g(k=1, 2) are related @ as

Auykz - Ay — (Ais + A44) sz
Ala + A44 A3,3 - yk2A44

Rearranging all terms of (2) containiggand denoting the resulting functiopnd&nd doing the

=m (4)

same with all term containing obtaining a function Rhe elastic field can be evaluated due

to:

. c . 0 .0 oF, oF
u+iv=u ZA(F1+F2+IF3);A=&+|0_y ;Wzrr]lé’_zl+m2é’_22. (5)
0, =2A, d—z([yz—(1+m)y2}F +[y2—(1+m2)y2}F9 (6)

1 6&22 1 1, 3 1 2 3 ’
0-2 = 2'%6/\2 (Fl+ FZ) ! (7)
o, =A i(y2(1+m)F +y2(1+m)F) (8)

z 4022 1 1 1 2 2 2]
0

r,= A44/\E((1+ m1) F1+ (1+ mz) Fz) ) (9)

(ys>=AsdAss). To simplify the stress field the following comhtions were used (Fabrikant [16])

01=0ctOyy=0rr+0pp, 02=0xx-Oyy+2iTxy=6"? (Orr-Op+2iTrg), T TxrHTy=€? (Trz +iTy) .

The yet unknown constants A,B, D and F have todterthined for each layer due to the
boundary conditions at the interfaces of the may#l structure. From equations (2) and (5)

the complete elastic field at any point within tbaded laminate structure can be evaluated
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applying the formulae (6) to (9). For more inforioatthe reader is referred to the original
works of Schwarzer [1, 2, 3], Stone [10] and Fadmii{16].

In the case of square contact regions the appralaaire must be changed as follows:

For isotropy:

au((A+ B+Buz)e'” -(D-F +Fuz)e ‘“Z)sm[ax] cospy |
0=> Cum bu((A+ B+Buz)e”” - (D-F +Fuz)e Z) cogax| sinpy ] , (10)
u*((-A+(2-4 -uz)B)e” -(D +(2- 4 +uz)F)e**) cofax| cosly

where a and b have to be read aaral [y, with setting them @&1*n/ro and =1t'm/ro. In
addition we haveiFa+b’.

For transverse isotropic layers the approach neast:r

au(Ae”Z’Vl + Be"?/2 —(De‘”z’yl + Fe‘”Z’VZ))sin[ax] cospy ]
Ui - i Cnym bu(p\euz/y1 + Beuz/y2 _(De—uzlyl + Fe—uz/yz))coqax] S”‘][)y] (11)
n,m=1
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The evaluations are straight forward but tedioumsisl two special software packages have
been developed in order to automate the calcuati@ecoming immensely complex and

cumbersome in the case of high numbers of layérsia].
Application to a variety of board failure problems in windsurfing

Windsurfing — some basics and the equipment

The first prototype of a sailboard dates back elétte 1950's, when the founding father of
windsurfing, Newman Darby, wanted to combine sgitamd wave surfing in one movement.
The first windsurf board was about 3.5m long antgived 27kg. Since then, many things
changed: as the material and shapes of the equighanged constantly, heavy and
unwieldy polyethylene boards belong to the pasgtjuimps and moves become more and
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more radical and windsurfing is nowadays one ofntlost popular watersports all over the
world.

Windsurf equipment consists of two major parts:¢bmplete rig with a mast making the rig
stand upright, a sail to catch the wind, turn ibisail force and drive the craft, and a boom
which spreads the sail and on which the windsurédds on, gives direction and controls the
wind pressure/speed.

The second part of the vehicle is the board:

nose tqil/stern
mos‘r joint
fron'r s‘rrops hind strap
\ a
nose tail/stern

fooft straps
s —— A Eﬂ\
505 N\

Fig.1 Main partsof awindsurfing board
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The bow is very often called the board's nose arwnt slightly upwards. On the stern, also
called tail, are three foot straps located, twafrand one hind strap, in which the rider
(windsurfer) finds a foothold when sailing fast gaohping. A certain area under those foot
straps is covered with rubber foot pads, makimgate comfortable for the surfer, preventing
him from slipping and finally protecting the boagdainst hard impact. A tail fin, or skag, is
the main lateral pressure centre under water aus] #ets up resistance against drifting off
course. Depending on the purpose and shape, a mygéral wave board weights about 8 kg
and has a length of 2.6m to 2.8m.

Both parts, rig and board, are connected by alflexnast joint that allows the rig to be tilted
in any direction. By tilting the rig and with thathanging the incidence angle toward the
wind, the sail force is moved whereas the laterasgure centre (skag and all parts under
water) stays the same and thus the board can éredteasily and without a rudder.

With a harness, which connects the rider's waittieécsail, the advanced windsurfer can
transfer the power from the wind pressure caughtdrsail to his body and with that, the
required muscle power in hands and arms reduc®déaiable minimum so that even light
female windsurfers, even if very rare, can pradiitg interesting sport without problems.
When the windsurfer gets faster, he is able tolrlims own bow wave that his board
produced when moving and thus, edging out watet hanwill ride down this bow wave and
becomes even faster. This state is called "plarfirand now the rider can crawl into the foot

straps and do different speed moves and jumps.

Fig. 3 Number onereason for board failure: jumps
SIO N. Schwarzer, P. Heuer-Schwarzer, Failure anatysiaminate structures of
windsurfing boards using thin film modelling techues, publication of the
Saxonian Institute of Surface Mechanics, onlinenatv.siomec.de/pub/2007/@0
contact@siomec.de www.siomee7




Some of the most popular and spectacular movenaeatso called loop jumps. Therefore, the
rider jJumps high into the air and turns his rigs hoard and himself either forward or
backward so that he lands -if all goes well- adtéull rotation in riding direction. But those
moves are not only spectacular and create a stithky are also dangerous for both: the

windsurfer and the equipment.

Board failure problems

A thorough analysis of the failure problems obskle@n windsurfing boards as given in [2]
shows that there are two major mechanisms leadid@inage. First, there are impact loads.
They are mainly induced due to so called flat lagdafter high jumps. Here, the rider lands
his board flat on the water surface and thus preslacmomentarily high impulse under his
feet and the board mast joint. There also catdigeliplunges due to strong gusts pulling the
rig and sometimes also the rider (who is fixedh®rig with the harness) strongly forward.
This can lead to forceful hits with front partstbé boom or body parts of the rider onto the
surface of the nose part of the board. The seclarsd of main failure mechanism are bending
loads coming from overturning of so called loop psnlanding between waves or so called
nose or tail dives after high jumps.
Due to the limitation of space we here concentoatéhe impact loading conditions leading to
damage directly caused by the mechanical contaithiWthis class of failure mechanisms we
here concentrate on the following critical situaso

1. impact load on the board’s nose surface due to ¢t@mthct with either body parts of

the rider or the rig
2. impact load in the foot pads area (under the foraps) due to flat landing

3. skag hits reef

During our investigation we had to realise thaalimost all cases of board destruction it was
rather impossible to reconstruct the force and nraome situation in the moment of failure in
detail. This was mainly due to the fact that tliers could only give vague information about
their speed, height of the jump, buffer effecthd sail during lading, momentum of rotation
etc. or in same cases even their own weight. Fyrthe investigated boards, though in
principle of similar shape and structure differeidely in details concerning the number of

uses laminate reinforcements, thicknesses of digpiarts of the boards, used materials within
SE@ N. Schwarzer, P. Heuer-Schwarzer, Failure anatysieminate structures of
I windsurfing boards using thin film modelling techues, publication of the
Saxonian Institute of Surface Mechanics, onlinenatv.siomec.de/pub/2007/@0
contact@siomec.de www.siombe8




the layered structure and their order (glass fibaghon fibre, honeycomb reinforcements...)
etc.. Under these circumstances it doesn’'t seesonadle to assume concrete load conditions
and board constructions. One rather should appigayload distributions simulating the
critical situations and see whether or not theltegustress distributions coincide with the
observed board failure. Thus, we have contractetbtively simple “model windsurfing
board” out of either a layered half space or aregéhick plate model in accordance with the
load problem in question. In order to describe Boamforcements in lateral direction a
stability weight function had been introduced ise€8. This weight function is directly
related to the lateral change of thickness of éineihate structure.

The first two problems 1 and 2 can be tackled Iphapg a half space or a thick plate model.
We use the material parameters given in table 12aAd¢ explained above we are just
interested in the resulting stress distribution aatany absolute values. Thus, the
coefficients of the Young’s modulus tensor are gias a function of a parameter E, where a
concrete number can be assigned to as soon aet®board structures are chosen and
absolute forces are known. For the resulting stletsbution however, only the geometrical
conditions and the relative material propertietheflayers are of importance.

At first we investigate the effect of the impacadbon the foam core of the board.

urface laminate shell !

In this direction
scaled down
by factor 3

Fig. 4 Impact on the nose (only foam core)
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As we know from investigating damaged boards, taef is compressed under the contact
zone. It often delaminates from the laminate s@r{@meonochrome layer in fig. 4) thus,
building a vacancy and leaving the laminate shaetlupported. The figure shows the
hydrostatic stress having a strong maximum diraatiger the indenter (e.g. heel of the rider
or front part of the boom...) leading to the matecampression. In figure 5 the radial stress
within the laminate shell is presented.

Fig. 5 Impact on the nose (only laminate shell)

It shows a pronounced tensile stress maximum atdhtact rim which might lead to mode |
fracture (Hertzian cone crack). And in fact thipeyof failure could be observed rather often

on the front surface part of windsurfing boards:

Fig. 6 Surface fracture damage dueto impact load
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This failure behaviour is well known from layergdustures of hard thin films deposited on
relatively soft substrates. Here too one oftendiki@rtzian-like fracture of the coating (e.g.
[19)).

Back to the windsurfing boards: The picture charagespletely when the impact load is

applied onto the foot pad area (problem 2: figure 7

compressive

Fig. 7 Impact on thefront foot pad (only foam cor€)

Here elongated or star like cracks coming fromdiatact centre are observed rather than
circular cracks. This becomes clear when we ingatgithe radial stresses within the laminate
under the rider’s heel (fig. 7). While, due to thefer effect of the rubber food pat, there are
rather no tensile stresses at the surface of thiméde layer we see, that this time the tensile
stress maximum is to be found at the contact cemtrihe bottom of the laminate shell. But as
already seen in problem 1 for the nose part obtherd, the foam core is also compressed
under the foot pad area due to a maximum of hydticsitresses (figure 8):
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rubber foot pad

compres

Fig. 8 Impact on thefront foot pad (only laminate shell)

This effect is widely known by windsurfers, so tsatond hand boards are always tested here
by simply pressing the thumb hard on the area whswally the heel would be in order to see
whether impact damage had already occurred.

In thin film technology a quite similar failure b&iour is known as “star crack formation”

(e.g. [20]).

In the case of a “skag hits reef impact” (problemd@monstrated in figure 9) the damage
(fracture between the front and hind foot strapshasvn in figure 9) is caused by high tensile

stresses within the board’s surface.

high speed

F )
— "~

Fig. 9 Skag hitsreef damage

To understand why this damage is mainly done otaed surface rather than its bottom

one needs to know, that the skag of those thin waaeds considered here is fixed to the
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surface. The result can be quite dramatic. In pgeeigl case shown in figure 9 the rider has
hit an under water obstacle (probably protrudingsgpaf the reef) with the skag of his
windsurfing board while fleeing before a huge wale see, that depending on the speed of
the windsurfer, the impact momentum can be big ghaa produce huge tensile stresses in
the surface laminate (completely fractured boarfigure 9) right in front of the hind foot
strap immediately leading to rapture between theftwot pads. This example shows, that our
model being originally developed for the investigatof thin film problems in a much

smaller scale (microns at the most) still workstgrevell even when no obvious thin-film-
equivalent can be seen.

The applicability of thin film modelling techniquésr even more complex loading conditions
including the effects of so called loop jumps, ndses and hard tail landing has been shown

elsewhere [2].

Conclusions

It could be shown on the example of windsurfingrdeasubjected to a variety of impact
loads, that at least a qualitative failure analysesbe performed by using thin film modelling
techniques. As these methods are fast and obvigsusfigiently accurate in order to predict
stress maxima and weak points in the case of tljuad distributions of laminate structures,
the models might be considered as appropriate footke optimisation of these structures.
Though, the examples here have been extractedviiodsurfing the authors can not see
principle obstacles in order to use these techsiguéoat hull, automobile body or even

fuselage construction, too.
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Tables

Table 1: Material Parameters for the board’s n@se p

Layer A1l A1 A1z Az A Thickness
Transversaly | 75*E; 15*F; 1.2*F; 1.8*E; 1.6*E; 0.5mm
isotropic

| sotropic 1.2*E, 0.4*E, 0.4*E, 1.2*E; 0.4*E, 2mm
Transversaly | 75*E; 15*E; 1.2*E; 1.8*E; 1.6*E; 0.5mm
isotropic

Foamcore |1.2*E3 0.4*E3 0.4*Es 1.2°E; 0.4*E 82mm
| sotropic

Transversaly | 75*E; 15*E; 1.2*E; 1.8*E; 1.6*E; 0.5mm
isotropic

| sotropic 1.2*E; 0.4*E, 0.4*E, 1.2*E, 0.4*E, 4mm
Transversaly | 75*E; 15*E; 1.2*E; 1.8*E; 1.6*E; 0.5mm
isotropic

E,=6 E=100 B=E

Table 2: Material Parameters for the board’s faut prea

Layer A1l A1 A1s Ass Ay Thickness
Rubber pad |1.2*Ey 0.4*E 0.4*E 1.2*E 0.4*Ey 6mm
| sotropic

Transversaly | 75*E; 15*E; 1.2*E; 1.8*E; 1.6*E; 0.5mm
isotropic

| sotropic 1.2*E; 0.4*E, 0.4*E, 1.2*E, 0.4*E, 3mm
Transversaly | 75*E; 15*E; 1.2k 1.8*E; 1.6*E; 0.5mm
isotropic

Transversaly | 75*E; 15*E; 1.2*E; 1.8*E; 1.6*E; 0.5mm
isotropic

| sotropic 1.2*E, 0.4*E, 0.4*E, 1.2*E, 0.4*E, 4mm
Transversaly | 75*E; 15*F; 1.2*F; 1.8*E; 1.6*E; 0.5mm
isotropic

Foam core |1.2*Es 0.4*E 0.4*E 1.2°E; 0.4*E 70mm
| sotropic

Transversaly | 75*E; 15*F; 1.2*F; 1.8*E; 1.6*E; 0.5mm
isotropic

| sotropic 1.2*E, 0.4*E, 0.4*E, 1.2*E, 0.4*E, 4mm
Transversaly | 75*E; 15*F; 1.2*F; 1.8*E; 1.6*E; 0.5mm
isotropic

E,=10 B=6 E=100 &=E
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Table 3: Material Parameters used for the benaiad talculation of the skag-hits-reef
problem (see text)

Layer A11 A;|_2 A13 A33 A44 Thickness
Transversaly | 75*E; 15*F; 1.2*F; 1.8*E; 1.6*E; 0.5mm
isotropic

| sotropic 1.2*E, 0.4*E, 0.4*E, 1.2*E, 0.4*E, 4mm
Transversaly | 75*E; 15*E; 1.2*E; 1.8*E; 1.6*E; 0.5mm
isotropic

Foamcore |1.2*E3 0.4*E3 0.4*Es 1.2*E; 0.4*E 80mm
| sotropic

Transversaly | 75*E; 15*E; 1.2*E; 1.8*E; 1.6*E; 0.5mm
isotropic

| sotropic 1.2*E, 0.4*E, 0.4*E, 1.2*E, 0.4*E;, 4mm
Transversaly | 75*E; 15*E; 1.2*E; 1.8*E; 1.6*E; 0.5mm
isotropic

E,=6 E=100 B=E
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